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Abstract
Neutrino oscillation implies by the renormalization group equation
that the lepton mass matrix rotates with changing scales so that mass
eigenstates at one scale are no longer eigenstates at other scales. This
leads to lepton-flavour violations (transmutations) dierent in nature
from say FCNC eects. Transmutations are seen to be most promi-
nent at intermediate energy scales in the mass range populated by
known vector bosons, the leptonic decays of which are thus a good
laboratory for testing these predictions. Calculations carried out in
two explicit schemes give branching ratios satisfying all known ex-
perimental bounds, but within the present experimental capability of
BEPC, PEP II (BaBar) and BELLE for the µτ decay mode of
ψ(1S), ψ(2S), (1S) and (2S). Search for these decays will test
renormalization theory, bound the right-handed neutrino mass, and
probe deeply into the likely origin of fermion generations.
The importance of flavour-conservation as a possible fundamental concept
has long been recognized and its consequences subjected to rigorous exper-
imental tests. In particular, the very stringent bounds set on  ! eγ, and
! eee decays, which are at present respectively 1:210−11 and 1:010−12
for the branching ratio over the predominant, already weak, decay for , tend
to give the impression that any violation of lepton flavour would have to be
extremely small.
However such a conclusion, we think, would be premature, for not having
taken account of the fact that the mass matrix rotates with the energy scale,
which phenomenon itself is a necessary consequence of the renormalization
group equation in the Standard Model so long as there is nontrivial mixing
between the up and down fermion states. Indeed, the RG equations satised















(DDy − UU y)D + (d − Ad)D: (2)
Nontrivial mixing between up- and down-states means that U and D cannot
be simultaneously diagonalized. Hence, even if U in (1) is chosen to be
diagonal at some t, the term DDyU will necessarily de-diagonalize the matrix
U on running to a dierent t. In other words the matrix U will rotate with
changing t. Similar arguments hold also for D in (2).
Now physical flavour states are usually dened as the eigenstates of the
mass matrix. But if the mass matrix rotates with changing scales, then
this denition is insuciently precise, since eigenstates at one scale will no
longer be eigenstates at another scale. Whatever scale(s) one may choose
to dene the flavour states, at other scales the mass matrix will no longer
be diagonal in the flavour states thus dened. In other words, at those
other scales flavour-violation will occur. This will be the case even when no
actual flavour-violating vertex is present in the theory. Such eects thus dier
from so-called flavour-changing neutral current (FCNC) eects, and can be
sizeable even where FCNC eects are small. For distinction, we suggested
for them the term \transmutations" in an earlier paper [2].
Although transmutation, arising as it does only from a disorientation of
the mass matrix, appears to be merely kinematical in origin, its signicance
is profound. The detection of the eect (if any) and its variation with energy
will rst conrm the concept of the rotating mass matrix, which has similar
signicance in quantum eld theory as the now familiar running coupling
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constant. Secondly, they will provide new insight into the even more funda-
mental question on the nature and origin of fermion generations. The fact
alone that the generations can rotate into one another already means that
they are but dierent manifestations of the same object, like the dierent
colours of a quark, and suggests the existence of a continuous symmetry re-
lating them. Furthermore, the speed at which the mass matrix rotates, as
measured by the variation of the size of transmutation eects with energy,
will give indications on how this rotation is driven, whether by conventional
forces already known to us, or by new interactions having to do with the
origin of generations.
Given that transmutational flavour-violations depend on the energy scale,
the fact that flavour-conservation has been stringently tested, say, in ! eγ
at the  mass scale is no guarantee that flavour-violation will be equally small
in another reaction at another scale. In fact, it has already been shown that
under certain circumstances the eect can be appreciable and detectable al-
ready with current experimental sensitivity [2, 3]. For this reason we suggest
that flavour-violation be routinely tested in experiment whenever conditions
are favourable.
It seems to us that a particularly favourable context for studying such
transmutation eects is in leptonic decays of vector bosons:
V −! ‘α‘β: (3)
Lepton rather than quark nal states are preferred for easier comparison
with experiment1 and decays, being essentially single particle eects, are
theoretically easiest to analyse. Vector bosons have the added virtue of
occurring at masses which span the energy range where lepton-transmutation
eects are expected to be largest. That this is so can seen as follows. At
a scale close to a lepton mass, transmutational eects are small, because
theoretically at exactly the lepton mass scale, the state vector corresponding
to that lepton flavour has to be an eigenstate of the mass matrix, which
has thus to be diagonal in that state and can give no transmutation. This
last assertion is conrmed in experiment by the very stringent bounds on
the rates of decays such as  ! eγ,  ! γ, and  ! eγ which proceed
at exactly the lepton mass scale. To obtain appreciable o-diagonal mass
1In fact, if not for the ambiguities in translating quark eects into eects for the hadrons
actually observed in experiment, the analysis below would be easier for quark than for
lepton nal states since both the mixing and mass matrices for quarks are better known.
We hope to deal with quark nal states separately when their experimental consequences
are better understood.
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matrix elements, energies very dierent from the lepton masses are preferred.
However, if the energy is too high, the mass matrix itself, whether diagonal
or otherwise, becomes negligible and so will transmutation also. The largest
eects are thus expected in the intermediate energy range populated by the
vector bosons ;  ;; Z0 etc. together with their various excitations. These
are also the states which have been very well-studied experimentally.
Order of magnitude estimates for some of these decays have already been
made in [2] giving encouraging results, although no rm conclusion could be
drawn at that stage for lack of a method for performing a proper calculation.
Now, however, with the procedure developed in [3] for photo-transmutation
of leptons, which we nd can be adapted to the present case, a calculation












Figure 1: Decay amplitudes
Consider then in general a decay of the type (3) as depicted in Figure
1(a). The decay amplitude is to be evaluated at the scale
p
s = M , with M
being the mass of the decaying boson. At this scale, the fermion mass matrix
m is in general not diagonal in the flavour states e; ;  but in some other
states, say, i = 1; 2; 3 with masses (eigenvalues of m) mi, the two triads of
state vectors being related by a rotation matrix Sαi = hjii. To calculate
the decay amplitude, we rst evaluate the amplitudes for the decays into the
diagonal states i, namely V −! ‘i‘i as depicted in Figure 1(b). For a vector
boson with polarization vector µa , this amplitude is:
Mi = gµa(k)ur(pi)γµvs(qi); (4)
where r and s denote the spin respectively of ‘i and ‘i. We have not bothered
to specify the coupling strength g of the vector boson to the lepton pair for
in our branching ratios calulation it will be cancelled out. According to the
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procedure suggested in [3], the amplitude for the decay of interest (3) is then
given just by a rotation of these diagonal amplitudes Mi to the appropriate




To obtain the decay rate, with which alone we shall be concerned at
present, we average over the initial polarization a of the decaying boson and




























The remaining sum over lepton spins cannot readily be done as an invariant
trace because of the crossed terms between dierent internal channels i. As
in [3] for photo-transmutation, we shall perform this sum directly by rst
evaluating the various spin amplitudes explicitly in a particular Lorentz frame
and γ-matrix representation.
We choose to work in the rest frame of the decaying vector boson:
k = pi + qi = 0; (9)
so that:
pµi = (E; 0; 0;−!i);
qµi = (E; 0; 0; !i);
kµ = (M; 0; 0; 0); (10)
with
E = M=2; !i =
√
E2 −m2i : (11)




















































With these explicit expressions for the lepton wave functions, it is easy to


















The states i being by denition the eigenstates of the mass matrix m at the
scale of the decaying boson mass M , and Sαi the rotation matrix relating
































where we note that the phase space factor !2αβ=EαEβ refers as per [3] to the
















(M2 −m2α +m2β): (17)
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More conveniently, since the coupling g has not been specied, one writes for
 6= , i.e. transmutational decays:
Γ(V −! ‘α‘β)






where we have neglected terms of the order of the electron mass me compared
to M . Multiplying then this ratio by the experimental branching ratio, if
known, of the boson V decaying into e+e− gives the branching ratio of the
transmutational ‘α‘β mode.
One notices that apart from a numerical factor of 2 and the phase space
factor !2αβ=EαEβ, the formula for the branching ratio (18) for transmuta-
tional decays is the same as the order-of-magnitude estimate given in [2].
This formula can now be applied to calculate the branching ratio of trans-
mutational decays of the type (3) given the matrix element hjmji at scale
M . This last depends on the mechanism driving the rotation of the fermion
mass matrix, for which there are two alternatives one can consider.
First, one can choose to take the minimal empirical view, accepting with-
out any attempt at explanation the fact that there are 3 and only 3 gener-
ations of fermions and that they mix with the mixing matrices observed in
experiment. Further, one assumes that there are no forces in nature other
than the conventional ones already known so that the the rotation of the
mass matrix is driven just by the nondiagonal mixing matrix as per (1) and
(2). Given then the empirical mixing matrix and some intitial mass values,
one can evaluate the rotation just by integrating the two equations. This
can be done, for example, for quarks directly where the required input infor-
mation is already available to a reasonable accuracy. For leptons, however,
the so-called MNS mixing matrix is still poorly determined in experiment,
while the Dirac masses of neutrinos required in the renormalization group
equation for the charged lepton mass matrix are almost entirely unknown.
Nevertheless, it turns out that one can still draw some concrete conclusions
using just the available information by proceeding as follows. Writing out
explicitly the equation for the (hermetized) charged lepton mass matrix L,














where Uαi are elements of the empirical MNS matrix and V = 246 GeV.
Assuming next that the Dirac masses of neutrinos, like other leptons, are
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where we have taken mα to be greater than mβ and neglected mβ compared
with mα, which approximation for the charged leptons ; , and e is good to
the accuracy of a few percent. This last formula (20) is interesting in that
it is proportional only to the product of 2 MNS elements both of the type
Uα3, so that the rate for the transmutation  $  is now proportional to
the product of absolute values squared of two such MNS elements, which
happen to be exactly the quantities already determined by experiment to
some accuracy. Indeed, jUe3j2 is constrained by the CHOOZ experiment [4]
to be less than about 0:025, while jUµ3j2 is known from Superkamiokande [5]
and similar experiments [6] to have a value very close to 1=2, which gives by
unitarity jUτ3j2 = 1−jUµ3j2−jUe3j2 also a value close to 1=2. In other words









and second, that the other transmutations e $ ;  must both have small
rates, being proportional to either jUe3j2m4ν3 or m4ν2 . Combining then the
result (21) with the initial condition that Lµτ = 0 at scale
p
s = mτ , which is
seen to hold both from theoretical considerations and from the low existing
empirical bound on the decay  ! γ, one can evaluate the element Lµτ , and
hence the transmutational rates, at any other scale in terms of the remaining
unknownmν3. In what follows, we shall refer to this framework for calculation
as the ESM scheme (\E" for empirical). It still depends on a parameter mν3
on which little is known empirically. For explicit calculations, we shall take
as benchmark value the popular choice of mν3  mτ , i.e. 180 GeV, suggested
by some grand unied theories, although no great signicance should yet be
assigned to this particular value.
Alternatively, one may choose to consider a more ambitious framework
in which one attempts to explain even the occurrence of 3 generations as a
\horizontal symmetry" and the mixing itself of fermion states as a conse-
quence of the mass matrix rotation. A concrete scheme for doing so, called
2The same result was obtained in [2] based on more assumptions which are now found
to be unnecessary.
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the Dualized Standard Model (DSM) that we ourselves advocate, has had
good success not only in explaining the general features of the fermion mass
and mixing patterns, but even in giving very sensible values for the mass
and mixing parameters [7, 8]. Although the DSM scheme has, of course, to
introduce extra forces to drive the rotation other than those conventionally
known, and depends thus on several new parameters, these are overwhelm-
ingly over-determined by the need to t the values of the fermion mass and
mixing parameters found in experiment, which means that, in contrast to
the ESM above, there is in DSM no freedom left, the rotating mass matrix
being now explicitly determined. As a result, transmutation rates can be
directly evaluated. Although, of course, the details of the predictions from
such a specic scheme would depend on its starting assumptions [7], and the
manner these were implemented [8], the overall picture can be considered as
generic to any framework which gives fermion mixing as a consequence of
mass matrix rotation, for the rotation with changing scales has in any case
to be of a rate similar to that in DSM so as to give enough dierence in
orientations between the various fermion states to t the empirical values of
the mixing angles.
With these two explicit schemes each with a rotating (charged lepton)
mass matrix given at any energy scale, the formula (18) can be applied
immediately to calculate the branching ratios of the transmutational modes
by normalizing to the empirical branching ratios of the e+e− mode (or to
the +− mode if more accurate) given in [9] for each decaying boson state.
The rotating mass matrix elements for the rst case (ESM) can be evaluated
from (21), while those for the second case (DSM) are taken from our previous
calculations [8], and can be read from Figure 3 of [2]. The result for the most
experimentally interesting vector bosons listed in [9] is given in Table 1. We
have calculated also the branching ratios for the other vector bosons listed
in [9], such as the higher excitations of  , but for these, once the mass
gets above the D D threshold, hadronic decays prevail, leading to large total
widths and hence uninterestingly small branching ratios for the modes that
concern us here, as can be seen in the example given of  (3770). In any case,
the predicted branching ratios for all higher excitations of  and  are very
similar to those given in Table 1 for  (3770) and (10860) and are therefore
not given again there.
In Table 1, we note rst that the predicted branching ratios for flavour-
violating transmutational decays are not as alarmingly large as one might
expect at rst sight from a whole-sale violation of lepton flavour as the ro-
tating mass matrix implies. Indeed, all the predictions survive existing ex-
8
Boson Mode Predicted BR (ESM) Predicted BR (DSM)
(1020) e 1:1 10−20 2:5 10−12
 (1S)  1:1 10−8 6:3 10−6
e small 1:7 10−7
e small 1:1 10−10
 (2S)  2:4 10−9 1:2 10−6
e small 3:8 10−8
e small 3:1 10−11
 (3770)  3:2 10−12 1:7 10−9
e small 5:3 10−11
e small 4:3 10−14
(1S)  8:3 10−9 2:9 10−6
e small 1:4 10−7
e small 2:6 10−10
(2S)  3:8 10−9 1:3 10−6
e small 6:2 10−8
e small 1:2 10−10
(3S)  5:7 10−10 1:9 10−7
e small 9:3 10−9
e small 1:8 10−11
(4S)  8:6 10−12 2:8 10−9
e small 1:4 10−10
e small 2:8 10−13
(10860)  8:5 10−13 2:7 10−10
e small 1:4 10−11
e small 2:8 10−14
Z0  7:2 10−10 1:0 10−7
e small 8:8 10−9
e small 3:5 10−11
Table 1: Predicted branching ratios for transmutational decays. Modes likely
to be accessible to experiment in the near future are underlined. The BR’s
given for the (ESM) assume a Dirac mass of 180 GeV for the heaviest neutrino
3.
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perimental bounds comfortably, which are surprisingly weak for vector boson
decays. Of the vector bosons listed, the data book [9] gives upper limits on
lepton-flavour violations only for Z0 decay, which for the modes ; e , and
e are respectively 1:210−5; 9:810−6, and 1:710−6 in branching ratios,
which are seen to be all easily satised by the predictions in Table 1. Though
in itself not a stringent test, the fact that the predictions survive the empir-
ical bounds on Z0 decays is nevertheless nontrivial, especially in the case of
the DSM since the calculation there is entirely parameter-free. As for the
reason that present bounds on lepton-flavour violation are so weak in vector
boson decays in spite of the large numbers of vector bosons already collected,
we suspect that it is the, we think, erroneous impression obtained from e.g.
 −! eγ we mentioned in the beginning that lepton flavour-violations are
always going to be small, giving thus no incentive for experiments to look
for them. Now, however, with the numbers obtained in Table 1 as incen-
tive, many of which are well within range of present experimental sensitivity,
the search for lepton flavour-violation would seem to be a most frutiful and
urgent task for any experiments with large numbers of vector bosons on hand.
Theoretically, lepton-flavour states are by denition eigenstates of the
mass matrix at their own mass scales and they would have to remain so if
the mass matrix does not rotate under scale changes. Even if there is lepton-
flavour violation due to some new interactions, such as flavour-changing neu-
tral currents, its strength is stringently limited by existing empirical bounds
on such decays as ! eγ and ! eee. Indeed, with bounds of this order for
lepton decays, estimates typically of order only 10−13 or less are obtained for
the branching ratios of lepton-flavour violating decays for the vector bosons
under investigation [10, 11]. Hence, the observation of such modes at a higher
rate would mean that although flavour states may be very near diagonal at
the  mass scale, they are no longer diagonal at the higher scales of vector
boson masses, or in other words, that the mass matrix rotates with changing
energy scales. Given that fermion mass matrix rotation is a necessary con-
sequence of the renormalisation group equation so long as there is nontrivial
mixing, the supposed positive result would be a conrmation of the renor-
malization procedure in quantum eld theory of similar signicance to the
familiar running coupling constant now generally considered as established.
Further, as already mentioned, the fact that there is any rotation at all would
revolutionalize our one-time conception of flavour states as independent en-
tities, giving them instead the status of being just dierent components of
the same object similar to the dierent colours of a quark, and supports the
idea of a continuous flavour symmetry. This would be a worthwhile result
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independent of what mechanism is driving the rotation.
Focussing next on the rotation mechanism, let us rst examine the ESM
case. We note that the predicted branching ratios in the second column of
Table 1 are all of the order 10−8 or less which is at the lower sensitivity
limit of present experiment. For example, with the 60 million  ’s soon to
be collected at BEPC, one expects to see only about half an event in the
 mode. We recall, however, that these predictions were evaluated with an
assumed Dirac mass of the heaviest neutrino mν3 = 180 GeV chosen merely
as benchmark in deference to popular theoretical bias, which is in any case
meant only as an order-of-magnitude estimate. With the rate for  mode
being, according to (18) and (21), proportional to m4ν3 , any larger choice
would bring the predicted rates within the present range of experimental
sensitivity. For instance, with mν3 = 3mt, one would expect already around
50  decays in the projected sample of 60 million  ’s from BEPC next
year. That being the case, it may be more practical to turn the argument
around and convert by (18) and (21) any experimental values or bounds on
the branching ratios of  modes into values of or bounds on the Dirac mass
of the heaviest neutrino 3. Hence, via the see-saw mechanism [12] and the
now almost known physical masses of the neutrino 3, these may further be
converted into values of or bounds on the right-handed neutrino mass which
is a quantity of considerable theoretical signicance. For example, with the
rather weak bound given in [9] for Z0 −!  of 1:2  10−5 one obtains
already mν3 < 2 TeV and further, with the value for the physical mass of 3
suggested by [5], one gets a bound on the right-handed neutrino mass B <
1017 GeV. But with the present sensitivity of BEPC on  decay, one can easily
bring the corresponding bound on B down to the theoretically interesting so-
called grand unication scale of 1015 GeV. And these bounds, we recall, are
derived through the standard renormalization group equations from just the
empirically known facts on neutrino oscillations plus the seemingly reasonable





But the predictions in Table 1 we nd most interesting are those from the
DSM calculations for the following reasons. First, they oer a direct probe
into the long-standing and fundamental question on the origin of fermion
generations to which the DSM claims to have suggested an answer. Sec-
ondly, they are meant to be genuine predictions, not just bounds or es-
timates, since the calculations depend on no unknown parameters. And
thirdly, as seen in the last column of Table 1, the branching ratios predicted
by the DSM for several transmutational decays fall well within the sensitivity
range of present experimental set-ups. In particular, the  decay modes of
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 (1S);  (2S);(1S), and (2S), are seen each to have a predicted branching
ratio of several parts in a million and hence well within the present sensitiv-
ity range of BEPC, PEP II (BaBar) and BELLE. For instance, BEPC has
already collected more than 20 million  ’s to-date, and expects to collect
twice as many more next year, which would mean for the predicted branch-
ing ratio of 6:3 10−6 as many as 120 now, and 360 next year, of  decays
assuming 100 percent detection eciency. Similarly, PEP II has already ac-
cumulated for BaBar in a year over 20 fb−1 in luminosity, which means that
if the machine is run at the (1S) with a cross section of around 25 nb, it
would collect in just a couple of months of running already enough  events
to give, at a branching ratio of 1:210−6, over 100  decays, again assuming
100 percent detection eciency. Such numbers look sucient for checking
unambiguously the DSM predictions.
Since the DSM predictions in Table 1 were derived through a fairly long
chain of arguments based on premises which, being relatively new, may not
be so widely known, let us examine the implications of the predictions in
greater detail to clarify what exactly is involved at what stage. Before doing
so, it should perhaps be stressed again that, if one accepts the logic leading
to the concept of transmutation, the rotation mechanism of DSM, as well
as the procedure detailed above for calculating transmutation decay rates,
then the listed branching ratios are meant to be actual predictions, not just
bounds or estimates, since there are no adjustable parameters in the present
calculation.
Suppose rst, pessimistically, that experiment nds no flavour-violation
at the predicted level or nds transmuations but at dierent rates from the
values predicted. Then, assuming no trivial errors have been committed,
the disagreement will have to be assigned either to our calculational method
adopted from [3], or else to the values of the rotation matrix elements ob-
tained from the calculation in [8]. The method in [3] for perturbative calcu-
lations with a rotating mass matrix was constructed following a seemingly
reasonable line of arguments but could not claim to be a logical deduction
from eld theory, and so could possibly be wrong. Even so, however, the
order-of-magnitude estimates for the rates, rst made in [2], should still be
correct. Hence, if even the order-of-magnitude turns out to be systematically
contradicted by experiment, it would mean the other alternative, namely
that the rotating mass matrix given in [8] is wrong, which would be much
more damaging, for this is the same matrix which gave in the DSM scheme
seemingly correct values for the lepton mixing parameters relevant to neu-
trino oscillations. Some adjustments to the specic implementation in [8] of
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the basic DSM idea are admissible, perhaps even necessary in view of some
shortcomings [13], but any drastic change is likely to spoil its present overall
agreement with experiment. Such a failure in the lepton sector, however,
does not by itself invalidate the DSM’s excellent results in the quark sector,
since the DSM results on leptons [14, 8] involve assumptions on neutrinos
on which the quark results do not depend. Nor does a failure of the lepton
sector invalidate the original theoretical result of nonabelian duality [15] or
the idea of relating dual colour to generations [7], since very little of either
enter in detail into the present calculations, as was explained in [8]. But it
would certainly reduce by a considerable amount the practical attractiveness
of the scheme which has remained so far a phenomenologically viable solution
to the whole generation puzzle applicable to both quarks and leptons [16].
On the other hand, suppose now, optimistically instead, that lepton-
flavour violation is detected in vector boson decays by experiment at some
level, what conclusions then can one draw? If the observed branching ratios
are only of the order listed in the second column of Table 1, then the re-
quired rotation could just be driven by the mixing matrix as per (1) and (2)
with only conventional forces at work. However, if the observed branching
ratios are higher, say of the order predicted in the third column of Table
1, then they can be taken as indicative of new forces driving the rotation,
probably related to the fundamental question of the existence of generations,
for the mass matrix rotation implied by transmutational eects of this size
would already be strong enough to give the known fermion mixing patterns
themselves as a consequence. The picture implied would then be similar to
that advocated by the DSM scheme [7] though possibly diering in details
with its present implementation [8]. But, of course, if it happens that the
observed branching ratios actually agree with the predictions given in the
third column of Table 1, it would mean not only a reconrmation of the
DSM scheme as a viable solution to the generation puzzle but the scoring
of a highly nontrivial point in its favour for correctly predicting, quantita-
tively and unambiguously, the new, and apparently previously unsuspected,
phenomenon of fermion transmutation.
In any case, the search for lepton-flavour violation in vector boson decay
would seem to be a very worthwhile and urgent pursuit, which will lead to
physically interesting conclusions whether the result should end up positive
or negative.
We have benetted from conversations with Jon Guy and Gian Gopal
on the practical questions of an experimental search for the predicted phe-
nomena. One of us (JMB) is supported in part by grants CYCIT96-1718,
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